This paper analyzes a social planner's solution in a resource-based economy under a constant-utility criterion. The utility function includes social progress in a multiplicative form. The resulting paths of consumption include the patterns of growth that are conventionally used in the literature. The closed form solutions are derived for the Dasgupta-Heal-Solow-Stiglitz (DHSS) model. An application of this problem is considered using an example of an imperfect resourceextracting economy with the variable reserve and endogenous preference.
Introduction
The paper introduces a modi…cation of the Rawls's (1971) di¤erence principle (maximin), and analyzes the behavior of a social planner's solution in a resource-based economy implied by this modi…cation. There is a vast literature devoted to the construction of the criteria of economic growth that do not use the discounting procedure. 1 The essential part of this literature is based on the Rawls'di¤erence principle or the maximin. The conventional approach of using the maximin principle in the problems of intergenerational resource allocation is to maximize the level of per capita consumption c or utility U (c) of the least advantageous generation. 2 A negative consequence of this approach, which is referred to as "perpetuating poverty,"attracts a major criticism of the maximin.
There are studies that address this shortcoming of the maximin by introducing a plausible generalization of the utility function. This generalization is based on the assumption (o¤ered by Rawls) that the measure of utility should take into account not only the current level of consumption but also the social progress in the form of the sympathy for future generations (Arrow, 1973; Dasgupta, 1974; Calvo, 1978; Leininger, 1985; Asheim, 1988; Long, 2007) . This idea can be extended by introducing the consumption prehistory into the utility function.
The extension is intuitive, since the same person estimates the same level of current consumption in di¤erent ways, depending on whether this level resulted from gains or from losses. 3 A resulting model with the consumption prehistory can yield "Rawlsian growth" even in the purely egoistic framework. 4 The authors of the approach with social progress in the utility function used the additively separable form of this function, justifying this form only by technical simplicity (Arrow, 1973, p. 326; Dasgupta, 1974, p. 409) . However, it is interesting to analyze the properties of the constant-utility paths (a particular case of the maximin) under a multiplicative (Cobb-Douglas) form of the utility function with social progress. This analysis is interesting, …rst, because the multiplicative form of utility includes commonly used utility measures as speci…c cases, and second, because the resulting patterns of growth belong to the family of paths usually considered in the literature. Therefore, even if the problem with the constant-utility criterion can be questioned from the practical point of view, it is an interesting theoretical tool because all the problems of growth theory, resulting in the "regular" patterns of growth (Groth et al., 2006) , are equivalent (in the sense of the resulting path) to this simple problem.
In this paper, I examine the patterns of optimal investment and the resulting paths of a nonrenewable resource extraction, capital, output, and consumption under the constant-utility criterion. The closed form solutions are derived for the Dasgupta-Heal-Solow-Stiglitz (DHSS) model (Dasgupta and Heal, 1974; Solow, 1974; Stiglitz, 1974) with an essential nonrenewable resource. The model represents a moderate case of the elasticity of factor substitution, which re ‡ects the existing uncertainty about substitutability between capital and natural resource. 5 I assume also a moderate technical change in the form of TFP (Total 4 See, e.g., Phelps and Riley (1978) . 5 There is mixed evidence about the elasticity of factor substitution between capital and resource including the results showing that this value is close to unity (Gri¢ n and Gregory, 1976; Pindyck, 1979) , which means that the use of the Cobb-Douglas technology is not implausible in this framework. However, plausibility is not the main reason for its use in this paper. As Asheim (2005) put it, "I do not claim that this model describes accurately ... production possibilities in the real world ... however, it is well-suited to illustrate how a small variation in the parameters ... may lead to very di¤erent consequences when combined with criteria for intergenerational justice" (p. 316).
Factor Productivity), compensating for capital decay. The solutions include the Solow (1974) - Hartwick (1977) result as a speci…c case (stagnation) and establish the dependence between the value of the constant investment rate and the pattern of growth. The problem is considered using an example of an imperfect resource-extracting economy with the …xed values of the initial extraction data. In this case, an approach with an endogenous preference parameter and a social planner's tax allows the construction of the paths that are dynamically consistent with the initial state, including the case with a variable reserve, asymptotically e¢ cient, and consumption is monotonically growing with the maximum rate.
The paper is structured as follows. Sections 2 introduces a version of the modi…ed maximin; Section 3 derives the optimal investment in a resource-based economy and speci…es it for the DHSS model; Section 4 analyzes the closed form solutions for the DHSS model; Section 5 provides the solution for an imperfect resource-extracting economy; Section 6 considers the numerical example with the variable reserve. The conclusions are presented in Section 7.
A modi…ed maximin: care for social progress
Assume that utility depends, in the general case, on social progress expressed both in the form of the sympathy to future generations and in the form of consumption prehistory. Then, the Arrow -Dasgupta approach, in a discrete setting, implies that the utility function can take the form e U (c(t
is the discount factor, and the second term is a weighted average of the slopes of the consumption path. Then, there exists such a value of that e U (c(t)) = e CU (c t ; _ c t ); where e C is a constant and U (c t ; _ c t ) = c t + _ c t ; 6 where
Since the additively separable form was introduced only for simplicity, I will use below a multiplicative utility, for example, in the following form: Following Solow (1974) , the maximin applied to U (c; _ c) implies that already this combination, not consumption per se, should be kept constant over time. 7 Assume for simplicity that = 1 and _ c > 0: Then a variant of the constant-utility criterion with the growth weight has the form of
yielding the pattern of "regular growth" (Groth et al., 2006, p. 4) :
where ' := ( _ c 0 =c 0 ) = : The pattern (2) is a stagnation when = 0 or a form of growth that is quasi-arithmetic (or sub-arithmetic) when 2 (0; 1), linear when = 1, super-arithmetic when > 1, or exponential when goes to in…nity.
This relationship between the form of the criterion and the pattern of growth can be formulated as follows. One of the main approaches to fair allocation of limited resources is the noenvy principle (Foley, 1967; Kolm, 1997) . When there is no strict equality in distribution, the principle is usually combined with a compensation procedure.
The form (1) of no-envy, which can be rewritten as follows: ( _ c=c) c = U ; means that the decline in the rate of growth _ c=c should be compensated by the growing 7 Although the criterion maxc mint sgn( _ c) j _ cj c is the "dictatorship of the least advantaged" (Alvarez-Cuadrado and Long, 2009), it does not imply that the generation in crisis ( _ c < 0) should increase its current consumption by decreasing saving and undermining the consumption of the future generations. In a crisis, the combination sgn( _ c) j _ cj c = U can be maximized by decreasing the current level of consumption and increasing investment (increasing _ c) until U reaches its maximum sustainable level. Hence, the current generation, maximizing its own utility, can maximize the utility of future generations, and this "care about the future" can originate from purely egoistic incentives. 
Investment in resource-based economy
Since criterion (1) implies the speci…c patterns of growth, I will derive a general formula for the investment rate that guarantees the given growth rate when the investment rate w is feasible, for example, w 2 (0; 1) for a closed economy. The application of this result will be illustrated below for the DHSS economy.
In the general case, the output q in a resource-based economy is produced with man-made capital k and the rates of a resource extraction r with technology f (k; r) (the variables are in per capita units). The economy invests in the way _ k = wq: All the variables are time-dependent and smooth enough.
Proposition 2. The economy q = f (k; r); which follows the investment rule _ k = wq; is growing with the rate _ q=q; i¤ w is feasible and
where f x = @f =@x:
Proof. The growth rate is
and then for _ k = wq result in equation (3) ; 2 (0; 1); + < 1 are constants (1 is the share of labor in this economy). I assume here zero population growth, 8 zero extraction cost, and the TFP exactly compensating for capital depreciation. 9 The following result speci…es Proposition 2 for the DHSS economy.
Corollary 1. The economy q = k r ; which follows the investment rule _ k = wq; is growing with the rate _ q=q; i¤ w is feasible and
where is the deviation from the standard Hotelling rule: := _ f r =f r f k :
10
Proof. In the DHSS case, the expressions for the derivatives in equation ing, for example, with = U T T s0 s = (U c f r ), when utility U alone is a¤ected by growing temperature T; and T is growing as a result of oil use. In this case, = _ q(1 )=(q ) and then, as it can be seen from equation (4), w(t) ;
which coincides with Stollery's conclusion.
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The next result extends the Solow -Hartwick case by de…ning the investment rule depending on the pattern of growth ( > 0), implied by criterion (1).
Corollary 2. Let the economy q = k r follow the investment rule _ k = wq with 0: Then q(t) = q 0 (1 + 't) i¤ w is feasible and satis…es the equation:
where w 0 = w(0);
Proof. Equation (4) implies for 0 and q(t)
which, using the investment rule, can be rewritten as follows:
The last formula, after di¤erentiating and dividing by (1 +
It was shown (Bazhanov, 2009, p. 15) , that the source of consumption growth in this case is associated with < 0; which is caused by the externality. The criterion U (cT 1 ) = const requires less initial rate of extraction r 0 and more gradual decline in r(t), which, in combination with the same Hartwick investment rule as in the constant-consumption case, gives a richer ‡ow of inputs, causing growth of consumption, starting from a lower level.
The constant of integration C; de…ned from the initial condition
Then the formula for w(t) takes the form of (5), where w := p 0 =p 1 ; which after substitution of p 0 and p 1 yields formula (6) .
Corollary 2 provides the unique constant investment rate w ; which maintains the speci…c pattern of growth, implied by criterion (1) for a given : The qualitative di¤erence from the case with = 0 is that, according to formula (5), the path q(t) = q 0 (1 + 't) can be sustained over time with a variable w(t);
when w 0 deviates from w : In this case, w(t) asymptotes to w ; when a < 0:
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The result is intuitive since the more rapid growth requires more investment 15 by providing the link between the value of the investment rate and the pattern of growth. Note also, that according to (6) , the larger share of capital in production implies less e¤ort in investment for the same rate of growth (@w =@ < 0).
Formula (6) establishes a strict relationship between the "desirable" rate of growth, expressed in ; the optimal investment rate w ; and the technological abilities of the economy ( and ). Then, under the existing uncertainty about sustainability of optimal growth, expressed here in the "moderate"
Cobb-Douglas technology with moderate technical change, the feasibility of the investment rate alone put the restriction on the pattern of growth that could be maintained forever. This well-known result about the limitation of the rates of growth in a resource-based economy is speci…ed in the following Corollary.
Corollary 3. Under the conditions of Corollary 2, the optimal path exists
Proof follows directly from the feasibility condition w < 1 after substitution of formula (6).
It is easily seen that, in theory, this constraint is not binding since ! 1 with ! 1; however, empirical estimates of ; which are around 0.3 (e.g., Nordhaus and Boyer, 2000) , restrict the value of by 0.43. Further restriction on the rate of growth, imposed by limitedness of the essential resource in this model, is considered below.
Optimal paths in the DHSS economy
The following Proposition extends the Solow -Hartwick case by providing the social planner's optimal paths under the generalized criterion (1) with the optimal investment rate w ; de…ned by formula (6). ( (0) = 0), then the optimal with respect to criterion (1) paths for w = w are:
where
i ; c 0 = (1 w )q 0 ; q 0 = k 0 r 0 ; and the relationship between k 0 ; s 0 and r 0 is:
and 2 F 1 ( ) is the Gauss hypergeometric function with the parameters a 2 :=
Proof is in Appendix 1.
The Solow -Hartwick case emerges from this generalization with going to zero. Indeed, the L'Hôpital's rule yields
Then the paths c and q are constant over time, capital is linear with k(0) = k 0 and the relationship between k 0 ; s 0 ; and r 0 becomes
since all the terms in the series 2 F 1 ( ) go to zero except the …rst one, which equals unity. Similar (quasi-arithmetic) paths were derived in the literature from the di¤erent frameworks, namely, under the assumptions of quasi-arithmetic population growth (Asheim et al., 2007) or quasi-arithmetic technical change and discount factor (Pezzey, 2004) , whereas, in the current paper, these patterns follow directly from the criterion.
Formula (7) allows to continue the analysis of existence of the sustainable optimal growth paths in this economy, which was started in Corollary 3. Note that the denominator of the fraction in the RHS of (7) goes to zero when approaches the value max = ( )=(1 ); while 2 F 1 ( ) monotonically declines, remaining positive when increases from 0 to max : 16 Then, given k 0 and s 0 ;
the optimal initial rate of extraction strictly monotonically goes to zero when approaches max : Another interpretation of this outcome is that, given k 0 and r 0 ; the higher rates of sustainable consumption growth require larger reserve s 0 ;
which strictly monotonically goes to in…nity for moderate values of max : For restricted by the technology in the following way:
where ! := (1 )=( ).
Proof follows from formula (2): (Groth et al., 2006) , satis…es the condition
is the second order growth rate, and 1= is the damping coe¢ cient. The growth approaches exponential when 1=
goes to zero ( ! 1), which is possible in this framework only when ! 1: The last condition means that the shares of the resource ( ) and labor (1 ) go to zero (complete automatization of the production with complete recycling and/or regeneration of the resource). Note also, that when the resource share is close to the one of capital ( close to zero), then, given other parameters …xed, the damping coe¢ cient goes to in…nity, resulting in stagnation.
There is a conventional practice of formulating the goals of economic pro- along a path, even if the path is not a stagnation and not an exponential growth.
This expression can be called geometrically weighted percent, and it can be used as an alternative measure of sustainable growth instead of regular percent.
A resource-extracting imperfect economy
Condition (7) means that the constant-utility optimal DHSS economy starts the resource extraction with the initial rate r 0 ; which is de…ned by the growth weight and the initial stocks k 0 and s 0 ; assuming that the resource reserve has just been discovered. Then r 0 can take any feasible value since it is treated as "the future."This section examines another situation in which a social planner constructs the constant-utility paths in a non-optimizing economy that has already been extracting the resource for a period of time. The planner wants the paths to be the smooth continuations of the economy's current state, including the short-run trend of extraction (growing or declining). In this case, the values of r 0 and _ r 0 must coincide with the last available estimates, say, on January 1 of the current year, implying zero adjustment costs at t = 0. Then r 0 is treated as "the past," and condition (7) shows how much reserve s 0 the economy needs in order to maintain constant utility in the in…nite horizon problem. When the actual reserve is larger or smaller than this value, the economy is either ine¢ cient or unsustainable. In this sense, the discrepancy in equation (7) can be used as a measure of imperfection of a real economy. The other sources of imperfection are connected with the deviations from the optimal investment rule and from the speci…c formulation of the Hotelling rule, when the model does not include all the phenomena that can modify the rule in the real economy. Hence, in the current framework, an imperfect economy can be de…ned as follows. is imperfect with respect to a criterion if either of the following holds:
(1) the relationship s 0 (k 0 ; r 0 ) = 0; implied by the criterion, is violated;
(2) the economy does not follow the optimal investment rule; (3) a speci…c formulation of the Hotelling rule does not hold at t = 0.
Assume for de…niteness that the reasons, distorting the standard Hotelling rule, can be expressed in terms of e¤ective tax, 20 and consider the following example of an economy, which is imperfect with respect to criterion (1) for
(i) condition (7) is violated: s 0 > 0 (k 0 ; r 0 );
21
(ii) the economy is underinvesting, namely, w 6 w ;
(iii) the Hotelling rule is distorted at t = 0, namely,
where 0 = (0) < 0:
The motivation for choosing this example is twofold: …rst, to illustrate how the constant-utility criterion can be implemented in an imperfect economy, and second, to provide a one more illustration of Proposition 1 in Bazhanov (2008),
claiming that a resource-based economy can grow even with underinvestment.
This growth can be sustainable if the reserve is large enough and the resource policy is sustainable in the sense of a constant-utility criterion.
Hence, the problem of a social planner is: to construct a regular path of growth (2) with the maximum value of (if this path exists) subject to the condition that the paths in the economy should be consistent with the given initial state. As a policy tool, the planner imposes a tax. I examine here, for simplicity, the case when the tax is only extraction-distorting, while the pattern of investment remains unchanged. (Long, 1975) . I assume that the same e¤ect can be obtained by subsidizing the resource-using production. 2 1 I consider here an example with s 0 large enough since the paper is devoted to the analysis of the patterns of growth. Endogenizing the preference parameter depending on a speci…c situation is a well-known approach in justice theory and in human practice. 23 In the to pinpoint the initial value of the Hotelling rule distortion 0 ; which includes the in ‡uence of known and unknown e¤ects of imperfect institutions, government interventions, and externalities. 24 A way of constructing these paths in an imperfect economy is illustrated below.
Lemma 1. Let the resource-extracting economy q = k r with the initial state ( k 0 ; r 0 ; _ r 0 ) follows the investment rule _ k = q; and the Hotelling rule has the form: _ f r =f r = f k + : Then the unique path of the Hotelling rule distortion
is socially optimal with respect to criterion (1) , and the initial value of is
Proof. The general investment rule _ k = wq implies that _ f r =f r = wf k (1 ) ( _ r=r); which, according to the Hotelling rule, equals f k + or f k (w 1)
which for w becomes
It follows from the criterion that _ c c
This equation, after substitution of q = c 0 (1 + 't) =(1 ) and
The value of 0 can be derived from the Hotelling rule. For the general investment rate w; it is 0 = (1
The following Lemma provides the path of an e¤ective extraction tax that is equivalent to the distortion (t) causing the deviation of the economy from the standard Solow-Hartwick case. This tax includes all the existing at t = 0 taxes/subsidies and the tax imposed by the planner at t = 0 to realize the optimum with respect to criterion (1). However, this tax does not include the tax that brings the economy from the laissez-faire state to the Solow-Hartwick case. The latter case, therefore, corresponds here to T 0: Lemma 2. Under the conditions of Lemma 1, the following e¤ ective tax
socially optimal path of (t):
Proof. Since the distortion (t) can be expressed in terms of tax, there exists an e¤ective tax T (t) such that the equation _ f r =f r = f k + takes the form:
This equation can be rewritten as follows:
which is equivalent to the following dynamic condition for tax
with the general solution in the form of (10). The initial condition T (0) can be found from the fact that, for = 0; the condition s 0 (k 0 ; r 0 ) = 0 takes the form (8) . Then f r (0) with no distortions equals
where q 0 = k 0 (r 0 ) and r 0 satis…es "perfection" condition (8):
Substitution of this expression into (12) yields the formula for T (0) and equation (11) gives the formula for the initial tax change:
Hence, due to the link between and the rate of growth, the planner can control the behavior of by applying a tax that implies the desirable properties 2 5 This dynamic e¢ ciency condition was used by Hamilton (1994) in the form _ n=n = f k for the net rent per unit of resource n = fr C T; where C is the marginal cost of extraction. 2 6 In the Solow-Hartwick case, fr q =r implying T 0: When, e.g., the initial extraction is small (r 0 < r 0 ) and growing ( _ r 0 > 0), the tax T causing this deviation is positive and declining.
of the paths in the economy. The following results use this link for obtaining the closed form solutions in the imperfect economy.
Proposition 4. Let the economy q = k r with the initial state ( k 0 ; s 0 ; r 0 ; _ r 0 ) satisfy conditions (i)-(iii). Then the e¤ ective tax
is socially optimal with respect to criterion (1). This tax implies the following paths of capital and the resource use:
r 0 + _ r 0 =r 0 ); and = (s 0 ) is uniquely de…ned from the equation
where a 2 :=
(1+ ) ; a 3 := + a 2 ; and z := 1 k 0 '(1 + )=( q 0 ): Proof is in Appendix 2.
The paths, obtained in Proposition 4, are the smooth continuations of the initial conditions. Indeed, the initial value of the e¤ective tax coincides with T 0 ; which means that the "additional" tax, introduced at t = 0; is zero at the initial moment. This economy is sustainable and asymptotically e¢ cient because ! 0 with t ! 1; and the growth weight is speci…ed by the condition = implying that the optimal extraction can be growing during a small period after the initial point, e.g., when r 0 is lower than the level that is prescribed by condition (8) for given s 0 and k 0 , i.e., that is optimal with respect to the constant-consumption criterion (see next section).
Note that the patterns of sustainable growth are not a¤ordable for any initial states, for example, in overconsuming economies. Formulas (7) and (13) imply that for some sets of the initial values (k 0 ; r 0 ; s 0 ) the patterns of sustainable growth, including stagnation, do not exist. Then the maximin, applied to the
do not imply that this expression is constant along the optimal path. In this sense, a simpli…ed formulation of the criterion, for example, in the form of the …xed percent change or the constant-utility criterion, can be not applicable to the formulation of the long-run programs.
Variable reserves
The stock of resource s 0 , for example oil …eld, was considered so far as a constant, though in practice the value of the proven recoverable reserve is being updated annually. This value decreases because of the extraction and it can increase due to the discoveries and due to the changes in oil prices and in extracting technologies. Nevertheless, in many theoretical problems, s 0 can be considered as all the amount of the reserve including proven, unproven, and as yet not discovered; therefore, it can be assumed correctly that s 0 is a constant in these problems. However, if the problem is to impose the tax that depends on s 0
and that controls the economy in a desirable way, then s 0 should be estimated as accurately as possible. Otherwise, the economy will be ine¢ cient in the case of underestimation of s 0 or it will be unsustainable if s 0 is overestimated.
This section illustrates, using a numerical example, a procedure of dynamic policy correction that depends on the updates in the stock s 0 . The criterion with the endogenized parameter re ‡ects these changes by recalculating = (s 0 ):
When s 0 is reestimated, the new information implies the changes in the tax and in all the paths in the economy according to the changes in the criterion.
Assume that revaluation of s 0 is growing with time and asymptotically approaches a constant b s 0 ; for example, in the following way: The plots illustrate plausible reactions of the economy to the larger amount of the initial reserve (s 0 (t) b s 0 ; paths in crosses). 30 The level of the rates of extraction is higher and, as a result, the level of consumption is also higher.
Note that the endogenized criterion, applied in an imperfect extracting economy, can yield the hump-shaped paths of extraction. This result implies the notion of the normative resource peak. This peak can be compared with the one being forecasted from the point of view of "physical possibility"of reaching the maximum level of extraction. 31 One could expect that, if an economy chooses an inferior path at the initial point due to lack of knowledge about the reserve, then the di¤erence in consumption with respect to the "full-knowledge"path (line in crosses, Fig. 2 ) will only increase with time under the given investment rule. However, the example 3 0 The level of tax in this case is lower and the level of capital is higher. 3 1 The theories of estimating the "physical" oil peak have been developing since the work of geologist M.K. Hubbert (1956) . A methodology, di¤erent from Hubbert's approach, was used in the CERA's (2006) report, claiming that the "physical" oil peak is not expected before 2030. However, the paths of extraction obtained in this example imply that the normative oil peak can be much closer, namely, in 6 months, even for the CERA's reserve estimate.
shows that the consumption in the economy with the endogenized preference (line in circles) is asymptotically "catching-up" to the "full-knowledge" level in the process of updating the reserve estimate. The maximum di¤erence in consumption during this process is less than 5%.
The endogenized criterion also implies that U in formula (1) becomes variable
). These changes in U could undermine the argument about the convenience of the geometrically weighted percent as a measure for sustainable growth. However, in the numerical example above with the substantially changing reserve, the change in U is nothing more than 5% (from Since economic growth can be less then exponential, the measure _ c c 1 or geometrically weighted percent can be used as an alternative measure of sustainable growth instead of regular percent. This combination can be constant along the path with declining rates, which is convenient for formulating long-run programs of sustainable development.
A modi…cation of this problem was considered using an example of an imperfect resource-extracting economy with a non-optimal pattern of investment and the …xed initial extraction data, implying ine¢ cient extraction. The closed form solutions and a numerical solution showed that by endogenizing and introducing a monotonically increasing tax result in the dynamically consistent paths, asymptotically e¢ cient extraction, and the monotonically growing path of consumption with the maximum growth weight.
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Appendix 1 (Proof of Proposition 3)
The paths of consumption and output follow directly from criterion (1) and from the investment rule. Then the investment rule _ k = w q gives the path of capital, implying the path of extraction r from the production function, given q and k: Then the initial rate of extraction r 0 can be expressed via the initial stock s 0 from the necessary e¢ ciency condition s 0 = R 1 0 r(r 0 ; t)dt in the following way.
The production function and the investment rule imply r = q
Integration by parts with u := _ k 1= 1 and dv := k = _ kdt
kdt: Note that criterion (1) implies that
i :
The second integral in the formula for I 2 equals w 1= s 0 and then the original integral can be expressed from the equation
as follows:
Integration of I 3 by parts with u := _ k 
Function 2 F 1 ( ) converges for jzj < 1: Substitution for w = w from (6) yields z = < 1 and formula (17) becomes which coincides with formula (7) in the Proposition.
Appendix 2 (Proof of Proposition 4)
Lemma 1 showed that the path (t) = (1 )( _ q 0 =q 0 )= [ (1 + 't)] is biuniquely connected with the pattern of growth q(t) = q 0 (1 + 't) implied by criterion (1) . For this (t); Proposition 3 provides the patterns of capital and extraction.
The path of e¤ective tax can be obtained from formula (10):
Consider the following integral, given the investment rule: Note that the value of 2 F 1 ( ) is 1.157 for the numerical example (Section 6) and so, taking into account the existing uncertainty in the reserve estimate, the following formula can be used in some cases as a "…rst-order approximation:" This formula captures the main qualitative properties of the behavior of the closed form solution (13) . In particular, it has the same horizontal and vertical asymptotes
